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Non-Markovian effects can speed up the dynamics of quantum systems while the limits of the evolution
time can be derived by quantifiers of quantum statistical speed. We introduce a measure for characterizing the
non-Markovianity of quantum evolutions through the Hilbert-Schmidt speed (HSS), which is a special type of
quantum statistical speed. This measure has the advantage of not requiring diagonalization of evolved density
matrix. Its sensitivity is investigated by considering several paradigmatic instances of open quantum systems,
such as one qubit subject to phase-covariant noise and Pauli channel, two independent qubits locally interacting
with leaky cavities, V-type and Λ-type three-level atom (qutrit) in a dissipative cavity. We show that the proposed
HSS-based non-Markovianity measure detects memory effects in perfect agreement with the well-established
trace distance-based measure, being sensitive to system-environment information backflows.
I. INTRODUCTION
The interaction of quantum systems with the surrounding
environment leads to dissipating energy and losing quantum
coherence [1]. Nevertheless, the process does not need to be
monotonic and the quantum system may recover temporar-
ily some of the lost energy or information due to memory ef-
fects during the evolution [2–17]. This dynamical behavior,
named non-Markovianity, can then act as a resource in various
quantum information tasks such as teleportation with mixed
states [18], improvement of capacity for long quantum chan-
nels [19], efficient entangling protocols [20–22], and work ex-
traction from an Otto cycle [23].
Caharacterization and quantification of non-Markovianity
has been a subject of intense study [3, 4, 24, 25]. One route is
to investigate temporary increases of the entanglement shared
by the open quantum system with an isolated ancilla, which
amounts to measure the deviation from complete positivity
(CP-divisibility) of the dynamical map describing the evolu-
tion of the system [26]. Another approach [27, 28] relies on
measuring the distinguishability of two optimal initial states
evolving through the same quantum channel and detecting
any non-monotonicity (information backflows). Further wit-
nesses of non-Markovianity have been proposed, based on dif-
ferent dynamical figures of merit, such as: channel capacities
[19], quantum mutual information [29], local quantum uncer-
tainty [30], quantum interferometric power [31–34], coher-
ence [35, 36], state fidelity [34, 37, 38], change of volume of
the set of accessible states of the evolved system [39], Fisher
information flow [40, 41], spectral analysis [42], entropy pro-
duction rates [43, 44], correlation measures [45], Choi state
[46] and quantum evolution speedup [47–49]. This variety of
witnesses and approaches highlight the multifaceted nature of
non-Markovian behavior which hence cannot be attributed to
a unique feature of the system-environment interaction, pre-
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venting the characterization by means of a single tool for such
a phenomenon.
CP-divisibility is the most common definition for Marko-
vianity in open quantum systems [1, 4]. A dynamical map
{Et}t≥0 is defined as a family of completely positive (CP) and
trace-preserving (TP) maps acting on the system Hilbert space
H . Generally speaking, one calls a map k-positive if the com-
posite map Et ⊗ Ik is positive, where k, Ik denote the dimen-
sionality of the ancillary Hilbert space and its identity opera-
tor, respectively [50]. Provided that Et ⊗ Ik is positive for all
k ≥ 0 and for all t, then the dynamical map is completely
positive. One then says that the dynamical map Et is CP-
divisible (P-divisible) when the propagator Vt,s, defined by
Et = Vt,s◦Es, is completely positive (positive) for all t ≥ s ≥ 0
[1]. According to the non-Markovianity measure introduced
by Rivas-Huelga-Plenio (RHP) [26], the quantum evolution
is considered Markovian if and only if the corresponding dy-
namical map Et is CP-divisible.
The non-Markovian character of the system dynamics can
be identified through another well-known perspective pro-
posed by Breuer-Laine-Piilo (BLP), namely the distinguisha-
bility of two evolving quantum states of the same system
[27, 28]. This distinguishability is quantified by the trace dis-
tance, a commonly used distance measure for two arbitrary
states ρ1 and ρ2, defined as D(ρ1, ρ2) = 12 Tr|ρ1 − ρ2|, where
|A| = √A†A for some operator A. The trace distance D(ρ1, ρ2)
is contractive under CPTP maps, i.e. D(Et(ρ1),Et(ρ2)) ≤
D(ρ1, ρ2). Nevertheless, this does not mean generally that
D(Et(ρ1),Et(ρ2)) is a monotonically decreasing function of
time. In fact, ddt D(Et(ρ1),Et(ρ2)) > 0 implies violation of P-
divisibility and therefore of CP-divisibility [27, 51]. In other
words, under any Markovian evolution of the quantum sys-
tem, one gets dD(Et(ρ1),Et(ρ2))/dt ≤ 0, owing to the con-
traction property. Therefore, its non-monotonicity can be un-
derstood as a witness of non-Markovianity due to system-
environment backflows of information.
Studies on the role of typical figures of merit for quantum
metrology, based on quantum Fisher information metric, to
witness non-Markovianity have been also reported [40, 52].
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2On the other hand, non-Markovian effects can speed up the
quantum evolution of a system [47, 52–55]. It is known that
quantifiers of statistical speed in the system Hilbert space may
be associated with measures adopted in quantum metrology to
investigate the ultimate limit of precision in estimating a given
physical quantity [56]. The sensitivity of an initial quantum
state to changes of the parameter (e.g., an unknown phase
shift) of a dynamical evolution can be then determined by
measures of quantum statistical speed [57]. A higher sensi-
tivity implies higher precision in the estimation of the param-
eter of interest [56, 58]. These arguments naturally motivate
one to inquire whether measures of quantum statistical speed
can conveniently quantify the non-Markovian character of the
system dynamics, a problem which has remained unexplored.
Here, we address this issue introducing a method for wit-
nessing and measuring non-Markovianity by means of the
Hilbert-Schmidt speed (HSS) [57], a type of quantum sta-
tistical speed which has the advantage of avoiding diagonal-
ization of the evolved density matrix. We check the effi-
ciency of the proposed HSS-based witness in several typi-
cal situations of open quantum systems made of qubits and
qutrits. In particular, we consider: one qubit subject to phase-
covariant noise [59], especially the so-called eternal non-
Markovianity model [36, 60–63]; a single qubit undergoing
the Pauli channel [3, 60, 64]; two independent qubits locally
interacting with leaky cavities; V-type and Λ-type three-level
atom (qutrit) in a dissipative cavity. We find that the HSS-
based non-Markovianity measure identifies memory effects in
total agreement with the trace distance-based BLP measure,
thus detecting system-environment information backflows.
The paper is organized as follows. In Sec. II we briefly re-
view the definition of the Hilbert-Schmidt speed. In Sec. III
we introduce the measure of quantum non-Markovianity via
the HSS. Through various examples, the sensitivity of this
measure in detecting memory effects is studied in Sec. IV.
Finally, Sec. V summarizes the main results and prospects.
II. HILBERT-SCHMIDT SPEED (HSS)
We start by recalling the general framework leading to the
definition of quantum statistical speed, whose the HSS is a
particular case.
Let us consider the family of distance measures
[dα(p, q)]α =
1
2
∑
x
|px − qx|α, (1)
with α ≥ 1 and where p = {px}x and q = {qx}x are probability
distributions. Here it is assumed that the random variable x
takes only discrete values; in the case of a continuum of val-
ues, the sum is replaced by an integral. These distances satisfy
the following basic properties: (i) non-negativity and normal-
ization 0 ≤ dα(p, q) ≤ 1, where dα(p, q) = 0 ↔ p ≡ q; (ii)
triangle inequality dα(p1, p3) ≤ dα(p1, p2) + dα(p2, p3); (iii)
symmetry dα(p, q) = dα(q, p).
Generally, in order to obtain the statistical speed from any
statistical distance, one should quantify the distance between
infinitesimally close distributions taken from a one-parameter
family px(ϕ) with parameter ϕ. Then, the classical statistical
speed is given by
sα
[
p(ϕ0)
]
=
d
dϕ
dα
(
p(ϕ0 + ϕ), p(ϕ0)
)
. (2)
Considering now a given pair of quantum states ρ and σ,
one can extend these classical notions to the quantum case
by taking px = Tr{Exρ} and qx = Tr{Exσ} as the mea-
surement probabilities associated with the positive-operator-
valued measure (POVM) defined by the set of {Ex ≥ 0} satis-
fying
∑
x Ex = I, where I is the identity operator. Maximizing
the classical distance over all possible choices of POVMs, one
obtains the corresponding quantum distance
Dα(ρ, σ) = max{Ex}
dα(p, q), (3)
which leads to the expression [57]
[Dα(ρ, σ)]α =
1
2
Tr|ρ − σ|α, (4)
where |X|α can be computed using the spectral decomposition
X ≡ ∑i λi|λi〉〈λi|, i.e., |X|α = ∑i |λi|α|λi〉〈λi|, so that Tr|X|α =∑
i |λi|α. For α = 1, the trace distance D(ρ1, ρ2) = 12 Tr|ρ1 − ρ2|
is retrieved, while for α = 2 one gets the so-called Hilbert-
Schmidt distance D2(ρ, σ) allowing for a simple evaluation
because it does not need diagonalization of the argument op-
erator. This distance is of Riemann type and limited by the
following inequality relation
0 ≤ D2(ρ, σ) ≤ 2D(ρ, σ). (5)
The Hilbert-Schmidt distance generally does not possess the
contractivity property, although quantum systems such as
qubits constitute useful exceptions. Necessary and sufficient
conditions for contractivity of the Hilbert-Schmidt distance
for the Lindblad operators have been discussed [65]. For a sin-
gle qubit, it is straightforward to derive that trace and Hilbert-
Schmidt distances are equivalent, namely
D2(ρ, σ) =
√
2D(ρ, σ), (6)
so that contractivity of trace distance implies contractivity of
Hilbert-Schmidt distance. However, it worth to notice that this
argument cannot be generalized to high-dimensional systems
with Hilbert space dimension larger than two [65].
Extending Eq. (2) to the quantum case, one then obtains the
quantum statistical speed as [57]
Sα
[
ρ(ϕ)
]
= max
{Ex}
sα
[
p(ϕ)
]
=
(1
2
Tr
∣∣∣∣∣dρ(ϕ)dϕ
∣∣∣∣∣α)1/α. (7)
In the special case when α = 2, the quantum statistical speed
is given by the Hilbert-Schmidt speed (HSS) [57]
HS S (ρϕ) =
√
1
2
Tr
[(dρϕ
dϕ
)2]
, (8)
which, in analogy with the Hilbert-Schmidt distance, does not
require the diagonalization of dρϕ/dϕ. In the following we
shall introduce a non-Markovianity quantifier based on this
quantity.
3III. HSS-BASED NON-MARKOVIANITY MEASURE
It is known that non-Markovian effects are responsible for
the speedup of quantum evolutions from an initial state to a
subsequent one [47, 53–55]. It thus seems natural that mea-
sures of quantum speed limits may play the role of proper
quantifiers of memory effects occurring during a system dy-
namics. Some works along this direction based on quantum
Fisher information metric have been reported [40, 52]. Here
we aim at exploiting a convenient quantum statistical speed
[57] as a figure of merit of the non-Markovian character of
quantum evolutions, which avoids diagonalization of the sys-
tem density matrix, with consequent practical advantages in
the analysis. We stress that such a quantifier would be par-
ticularly useful, especially for detecting the memory effects
of high-dimensional and multipartite open quantum systems.
Looking at the various possible choices among the quantum
statistical speeds of Eq. (7), the most natural candidate to-
wards this aim is just that obtained for α = 2, corresponding
to the Hilbert-Schmidt speed (HSS).
In this regard, for a quantum system with n-dimensional
Hilbert spaceH , let us take an initial state defined as
|ψ0〉 = 1√
n
(
eiϕ|ψ1〉 + ... + |ψn〉), (9)
where ϕ is an unknown phase shift and {|ψ1〉, ..., |ψn〉} con-
structs a complete and orthonormal set (basis) for H . With
the idea that an increasing speed of quantum evolutions is a
signature of memory effects in the system dynamics, we then
introduce the HSS-based witness of non-Markovianity as
χ(t) :=
dHS S
(
ρϕ(t)
)
dt
> 0, (10)
where ρϕ(t) denotes the evolved state of the system and
HS S (ρϕ(t)) is defined in Eq. (8). In analogy to what has been
done for other measures [27, 28], a quantifier of the degree of
non-Markovianity follows as
NHSS := max
ϕ,{|ψ1〉,...,|ψn〉}
∫
χ(t)>0
χ(t)dt, (11)
where the maximization is taken over all the possible
parametrizations of the initial states.
The sanity check of these quantities as faithful indicators of
non-Markovianity is performed in the following section. No-
tice that, to this aim, it is sufficient to study the time behavior
of the witness χ(t), verifying that it is positive just in corre-
spondence of backflows of information from the environment
to the system. The maximization giving the optimal initial
state shall be performed numerically from a large sample of
randomly generated initial states.
IV. QUALITATIVE ANALYSIS OF NON-MARKOVIANITY
In this section, we consider several typical examples of
open quantum systems of both theoretical and experimental
interest to qualitatively analyze the faithfulness of the HSS-
based non-Markovianity witness. This is performed by com-
paring the behavior of χ(t) of Eq. (10) with that of the BLP
(trace distance-based) witness σ(t) ≡ ddt D(ρ1(t), ρ2(t)) [27].
If χ(t) > 0 whenever σ(t) > 0, then we can claim that the
proposed HSS-based measure is a bona-fide quantifier of non-
Markovianity, being sensitive to information backflows.
A. One-qubit systems
1. Phase-covariant noise
We start by considering a single qubit undergoing a so-
called phase covariant noise. The general time-local master
equation, in the interaction picture (in units of ~), for the den-
sity matrix ρ for a single qubit subject to phase-covariant noise
is written as [59, 66, 67]
dρ
dt
= −iω(t)[σz, ρ] + γ1(t)2 L1(ρ) +
γ2(t)
2
L2(ρ) +
γ3(t)
2
L3(ρ),
(12)
where ω(t) represents a time-dependent frequency shift, γi(t)
(i = 1, 2, 3) denotes the time-dependent rate associated to each
dissipator Li(ρ), whose expressions are [59]
L1(ρ) = σ+ρσ− − 12 {σ−σ+, ρ},
L2(ρ) = σ−ρσ+ − 12 {σ+σ−, ρ},
L3(ρ) = σzρσz − ρ. (13)
In the above equations, σ± = 12 (σx ± iσy) denote the inver-
sion operators and σi’s (i = x, y, z) are the Pauli operators.
Moreover, the three dissipators L1, L2, and L3 describe, re-
spectively, the heating, dissipation, and dephasing. Special
cases of master equations of the form of Eq. (12), describing
the phase-covariant noise, are the amplitude damping model
obtained for γ1(t) = γ3(t) = 0 and the pure dephasing model
achieved for γ1(t) = γ2(t) = 0 [3, 68, 69].
Indicating with |0〉 and |1〉 the ground and excited states of
the qubit, respectively, one can show that the solution of the
master equation of Eq. (12) is given by [59]
Et(ρ(0)) = ρ(t) =
 P1(t) Q(t)Q∗(t) 1 − P1(t)
 , (14)
where
P1(t) = e−Γ(t)[G(t) + P1(0)], Q(t) = α(0)eiΩ(t)−Γ(t)/2−Γ˜(t), (15)
with the time-dependent functions
Γ(t) =
∫ t
0
dt′[γ1(t′) + γ2(t′)]/2, Γ˜(t) =
∫ t′
0
dt′γ3(t′),
Ω(t) =
∫ t′
0
dt′2ω(t′), G(t) =
t′∫
0
dt′eΓ(t
′)γ2(t′)/2. (16)
4The master equation of Eq. (12) leads to commutative dynam-
ics, meaning Et ◦ Es = Es ◦ Et for any s, t ≥ 0, iff γ1(t) = γ(t)
and γ2(t) = κγ(t), in which 0 ≤ κ ≤ 1. Moreover, the dy-
namics is unital, i.e. the corresponding channel Et satisfies
Et(I) = I (I denotes the identity operator), when it is commu-
tative and κ = 1.
Preparing the qubit in the initial state
|ψ0〉 = 1√
2
(eiϕ|+〉 + |−〉), (17)
where |±〉 = 1√
2
(|0〉 ± |1〉), the time derivative of the HSS, that
is the quantity χ(t) of Eq. (10), results to be
χ(t) = −1
8
e−2Γ˜(t)
(γ1(t) + γ2(t) + 4γ3(t)) cos2 ϕ√
eΓ(t)−2Γ˜(t) cos2 ϕ + sin2 ϕ
−1
4
e−Γ(t)
(γ1(t) + γ2(t)) sin2 ϕ√
eΓ(t)−2Γ˜(t) cos2 ϕ + sin2 ϕ
. (18)
Accordingly, choosing ϕ = 0, the HSS-based witness χ(t) > 0
tells us that the process is non-Markovian when γ1(t) +γ2(t) +
4γ3(t) < 0. On the other hand, choosing ϕ = pi2 , the dy-
namics is non-Markovian by the HSS-based witness when
γ1(t) + γ2(t) < 0. In other words, the dynamics is detected as
non-Markovian if either of the conditions above holds. This is
exactly the same result obtained by the BLP witness σ(t) for
the same dynamical instance [24]). Notice that the sensivity of
the witness χ(t) is investigated by considering general condi-
tions for the phase-covariant noise, which encompass many of
the most studied qubit dynamics such as pure dephasing, am-
plitude damping noise, depolarizing noise and the so-called
eternal non-Markovianity [62]. As a general insight from this
first example, we thus observe that the HSS-based witness per-
forms in perfect agreement with the BLP measure. It is known
that the BLP measure, for which breaking CP-divisibility is a
consequence of breaking P-divisibility [27, 51], is tighter than
other proposed non-Markovianity measures [24]. On the ba-
sis of the above results, the same property holds for the HSS-
based witness.
2. Pauli channel
In this section, we consider a qubit subject to a Pauli chan-
nel, whose corresponding master equation is [60, 70]
dρ
dt
=
3∑
i=1
γi(t)(σiρσi − ρ), (19)
where γi(t) (i = 1, 2, 3) denote the decoherence rate associated
to the i-th channel. The dynamics may be rewritten in the
following equivalent form [60, 70]
ρ(t) = Et[ρ(0)] =
3∑
i=0
pi(t)σiρ(0)σi, t ≥ 0 (20)
where σ0 = I (identity operator), σi’s are the Pauli matrices,
and pi(t)’s denote the time-dependent probability distribution.
Notice that p0(0) = 1 and pi(0) = 0 (i = 1, 2, 3), guaranteeing
that E0 = I (identity channel). The explicit expressions of the
time-dependent probabilities of the Pauli channel are
p0(t) =
1
4
[1 + λ1(t) + λ2(t) + λ3(t)],
p1(t) =
1
4
[1 + λ1(t) − λ2(t) − λ3(t)],
p2(t) =
1
4
[1 + λ2(t) − λ1(t) − λ3(t)],
p3(t) =
1
4
[1 + λ3(t) − λ2(t) − λ1(t)], (21)
where λ1(t) = e−2(Γ2(t)+Γ3(t)), λ2(t) = e−2(Γ1(t)+Γ3(t)), and λ3(t) =
e−2(Γ1(t)+Γ2(t)), with
Γi(t) =
∫ t
0
γi(τ)dτ. (i = 1, 2, 3) (22)
It is straightforward to show that this dynamics is unital
(Et(I) = I). When γ1(t) = γ2(t), the unital case of the phase-
covariant master equation and the Pauli channel with the same
decay rates coincide with each other. It should be noted that
the general Pauli channel includes a larger set of dynamics
than the unital phase-covariant noise, such as bit-flip and bit-
phase-flip channels.
Before analysing the HSS-based witness, we recall useful
results valid for the Pauli channel extracted from previous
works [60, 70]. In particular: (i) according to the RHP non-
Markovian criterion, the dynamics is Markovian if and only
if all of the decoherence rates remain positive for all t ≥ 0,
i.e., γi(t) ≥ 0, for all i = 1, 2, 3; (ii) according to BLP non-
Markovian criterion, the dynamics is Markovian if and only
if the sum of all pairs of distinct decoherence rates remains
positive, i.e., γi(t) + γ j(t) ≥ 0 for all j , i.
With this in mind, we calculate the HSS-based witness χ(t)
introduced in Eq. (10). The qubit is initially prepared in a state
parametrized as
|ψ±0 (ϕ)〉 =
1√
2
(eiϕ|0〉 ± |1〉). (23)
For three different optimal initial parametrizations given by
the set {|ψ+0 (0)〉 , |ψ+0 (pi/2)〉 , |ψ−0 (pi/2)〉} one easily finds, re-
spectively,
χ(t) = − (γ1(t) + γ3(t)) e−2Γ1(t)−2Γ3(t),
χ(t) = − (γ1(t) + γ2(t)) e−2Γ1(t)−2Γ2(t),
χ(t) = − (γ2(t) + γ3(t)) e−2Γ2(t)−2Γ3(t). (24)
Therefore, according to the HSS-based criterion the dynam-
ics is deemed Markovian if and only if γ1(t) + γ2(t) ≥ 0,
γ1(t) + γ3(t) ≥ 0 and γ2(t) + γ3(t) ≥ 0 for all t ≥ 0, ex-
actly the same as the condition (ii) above obtained by the BLP
measure. Whenever at least one of the three conditions above
is not satisfied, that is γi(t)+γ j(t) < 0 for some j , i, the qubit
dynamics exhibits memory effects and is non-Markovian.
5B. Two-qubit system
We now investigate a composite quantum system consisting
of two separated qubits, A and B, which independently inter-
act with their own dissipative reservoir (leaky cavity). The
general Hamiltonian is therefore written as H = HA + HB.
The single qubit-reservoir Hamiltonian is (~ ≡ 1) [1]
H = ω0 σ+σ− +
∑
k
ωkb
†
kbk + (σ+B + σ−B
†), (25)
where ω0 represents the transition frequency of the qubit, σ±
are the system raising and lowering operators, ωk is the fre-
quency of the k-th field mode of the reservoir, bk and b
†
k de-
note, respectively, the k-mode creation and annihilation oper-
ators, B =
∑
k gkbk with gk being the coupling constant with
the k-th mode. At zero temperature and in the basis {|1〉, |0〉},
from the above Hamiltonian with a Lorentzian spectral den-
sity for the cavity modes, one finds that the dynamics of the
qubit can be described by the evolved reduced density matrix
[1, 71]
ρq(t) =
 ρS11(0)P(t) ρS10(0)
√
P(t)
ρS01(0)
√
P(t) 1 − ρS00(0)P(t)
 , (26)
where the coherence characteristic function P(t) is
P(t) = e−Γt [cos(Γt/2) + (λ/Γ) sin(Γt/2)]2 , (27)
with Γ =
√
2γ0λ − λ2. The rate λ denotes the spectral width
for the qubit-reservoir coupling (photon decay rate) and is
connected to the reservoir correlation time τc by the relation
τc = 1/λ. The decay rate γ0 is instead related to the system
(qubit) relaxation time scale τr by τr = 1/γ0. In the strong
coupling regime, occurring for γ0 > λ/2, the non-Markovian
effects become relevant [1].
The density matrix evolution of the two independent qubits
can be then easily obtained knowing the evolved density ma-
trix of a single qubit [71]. The elements of the two-qubit
evolved density matrix ρ(t) are presented in Appendix A.
Using the definition D(ρ1, ρ2) = 12 Tr|ρ1 − ρ2| and the op-
timal pair of two-qubit quantum states ρ1(0) = |++〉 〈++|,
ρ2(0) = |−−〉 〈−−| with |±〉 = 1√2 (|0〉 ± |1〉), one obtains the
time-dependent trace distance [72]
D(ρ1(t), ρ2(t)) =
√
P(t)(2 − 2P(t) + P(t)2). (28)
On the other hand, preparing the two-qubit system in the ini-
tial state
|ψ0〉 = 12(e
iϕ|11〉 + |10〉 + |01〉 + |00〉), (29)
we find that the HSS of Eq. (8) is given by
HS S (ρϕ(t)) =
1
4
√
P(t)[P(t) (4 P(t) − 3) + 2], (30)
which is independent of the phase ϕ.
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FIG. 1: Dynamics of Hilbert-Schmidt speed HS S (ρϕ(t)) (blue solid
line), trace distance D(ρ1(t), ρ2(t)) (red dot-dashed line) and coher-
ence characteristic function P(t) (amplified by 20 times for compari-
son, green dashed line) as a function of the dimensionless time γ0t for
the two-qubit system in the strong coupling regime, with λ = 1.25γ0.
The numerical computation immediately shows that, in
the weak coupling regime (λ > 2γ0), the behavior of
D(ρ1(t), ρ2(t)), HS S (ρϕ(t)), and P(t) is essentially a Marko-
vian exponential decay controlled by γ0 (all of them are de-
creasing monotonic functions of time). Differently, in the
strong coupling regime (λ < 2γ0), where memory effects
appear, D(ρ1(t), ρ2(t)), HS S (ρϕ(t)), and P(t) simultaneously
exhibit an oscillatory behavior such that their maximum and
minimum points exactly coincide, as shown in Fig. 1. In par-
ticular, one notices that χ(t) = ddt HS S (ρϕ(t)) > 0 in the very
same periods when σ(t) = ddt D(ρ1(t), ρ2(t)) > 0, which de-
tects the system-environment information backflows. Hence,
the HSS-based measure is in perfect agreement with the trace
distance-based witness and can be used as an efficient tool for
assessing non-Markovianity in two-qubit systems.
C. One-qutrit systems
1. V-type three-level open quantum system
In this section, we investigate the non-Markovian dynam-
ics of a V-type three level atom, playing the role of a qutrit,
coupled to a dissipative environment [73, 74]. We recall that
three-level quantum systems (qutrits) can be promising alter-
native candidates to be used in quantum processors instead of
the standard two-level systems (qubits) [75, 76]. For a V-type
qutrit interacting with a dissipative reservoir, the two upper
levels, i.e., |2〉 and |1〉 are coupled to the ground state |0〉 with
transition frequencies ω2 and ω1, respectively. The Hamilto-
nian of the total system can be written as
H = H0 + HI , (31)
6where (~ ≡ 1)
H0 =
2∑
j=1
ω jσ
( j)
+ σ
( j)
− +
∑
k
ωkb
†
kbk, (32)
represents the free Hamiltonian of the system plus the envi-
ronment, while
HI =
2∑
j=1
∑
k
(g jkσ
( j)
+ bk + g
∗
ikσ
( j)
− b
†
k), (33)
is the interaction Hamiltonian in which σ( j)± ( j = 1, 2) are the
standard raising and lowering operators between each of the
two upper levels and the ground one. The index k denotes the
different reservoir field modes with frequencies ωk, creation
and annihilation operators b†k , bk and coupling constants g jk.
We assume that the relaxation rates of the two upper lev-
els are equal, the two upper atomic levels are degenerated, the
atomic transitions are resonant with the central frequency of
the reservoir and the photonic bath is initially with no exci-
tation. Under these conditions and after applying the unitary
transformation
%(t) = UρS (t)U†, (34)
with
U =

1√
2
− 1√
2
0
1√
2
1√
2
0
0 0 1

, (35)
on the evolved density matrix ρ(t) obtained in the interaction
picture and written in the basis {|2〉, |1〉, |0〉}, one obtains the
evolved state of the V-type atom by [74, 77]
%(t) =
3∑
i=1
Ki%(0)K†i . (36)
In the above dynamical map, the Kraus operators are
K1 =

G+(t) 0 0
0 G−(t) 0
0 0 1
 ,
K2 =

0 0 0
0 0 0√
1 − |G+(t)|2 0 0
 ,
K3 =

0 0 0
0 0 0
0
√
1 − |G−(t)|2 0
 , (37)
with
G±(t) = e−λt/2
[
cosh
(d±t
2
)
+
λ
d±
sinh
(d±t
2
)]
, (38)
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FIG. 2: Dynamics of Hilbert-Schmidt speed HS S (ρϕ(t)) (blue solid
line) and trace distance D(ρ1(t), ρ2(t)) (red dashed line) as a function
of the dimensionless time γt for the V-type three-level atom, with
λ = 5 × 10−3γ and θ = 0.6.
where d± =
√
λ2 − 2λ(γ ± |γθ|), λ is the spectral width of the
reservoir, γ is the relaxation rate, and θ depends on the rel-
ative angle between two dipole moment elements associated
with the transitions |2〉 → |0〉 and |1〉 → |0〉. For example,
θ = 0 means that the dipole moments of the two transitions
are perpendicular to each other and corresponds to the case
where there is no spontaneously generated interference (SGI)
between the two decay channels. Moreover, θ = ±1 indicates
that the two dipole moments are parallel or antiparallel, cor-
responding to the strongest SGI between the two decay chan-
nels.
Using the trace distance-based measure for the non-
Markovianity analysis of this system, one chooses the opti-
mal pair of initial orthogonal pure states ρ1(0) = |ψ+〉〈ψ+|
and ρ2(0) = |ψ−〉〈ψ−|, where |ψ±〉 = (|+〉 ± |0〉)/
√
2 with
|+〉 = (|2〉 + |1〉)/2, giving [74]
D(ρ1(t), ρ2(t)) = |G+(t)|. (39)
On the other hand, to assess the memory effects by the HSS-
based measure, the qutrit is initially taken in the state
|ψ0〉 = 1√
3
(eiϕ|2˜〉 + |1˜〉 + |0˜〉), (40)
where |i˜〉 = U |i〉 (i = 1, 2, 3). The HSS of Eq. (8) is then easily
obtained as
HS S (%ϕ(t)) =
1
3
√
|G+(t)|2(|G−(t)|2 + 1), (41)
being independent of the initial phase ϕ.
We can now compare the time behaviors of the two quan-
tities above, which is plotted in Fig. 2. We notice that the
trace distance and the HSS are in perfect qualitative agree-
ment, clearly showing that χ(t) = ddt HS S (ρϕ(t)) is posi-
tive whenever σ(t) ≡ ddt D(ρ1(t), ρ2(t)) > 0. Therefore, the
7HSS-based measure guarantees that the qutrit dynamics ex-
hibits non-Markovian behavior exactly in correspondence of
system-environment information backflows.
2. Λ-type three-level open quantum system
The last system considered in our case study analysis is the
so-called Λ model, consisting of a three-level atom (qutrit)
with excited state |a〉 and two ground states |b〉 and |c〉 which
interacts off-resonantly with a cavity field [73]. The cavity
modes are assumed to have a Lorentzian spectral density
J(ω) =
γ0
2pi
λ2
(ωcav − ω)2 + λ2 , (42)
where λ is the cavity spectral width, ωcav represents the res-
onance frequency of the cavity, and the rate γ0 quantifies
the strength of the system-environment coupling. Moreover,
∆i = ωi − ωcav denotes the detuning of the i-th transition fre-
quency of the atom from the cavity resonance frequency, be-
ing ω1 ≡ ωab and ω2 ≡ ωac. The master equation describing
the reduced dynamics of the Λ-type atom and its analytical
solution are reported, for convenience, in Appendix B. This
is characterized by two Lindblad operators |b〉 〈a| and |c〉 〈a|
corresponding to the time-dependent decay rates, respectively,
γ1(t) and γ2(t).
To find the conditions for dynamical memory effects by
means of the HSS-based measure, we prepare the Λ-type atom
in the initial state
|ψ0〉 = 1√
3
(eiϕ|a〉 + |b〉 + |c〉), (43)
which gives, from Eq. (8), HS S (ρϕ(t)) =
√
2
3 e
−[D1(t)+D2(t)]/2,
where Di(t) =
∫ t
0 dsγi(s). Therefore, the non-Markovianity
witness χ(t) of Eq. (10) results to be
χ(t) =
−(γ1(t) + γ2(t))
3
√
2
e−[D1(t)+D2(t)]/2. (44)
This equation reveals that the non-Markovian character of
the system dynamics is identified by the sum of the time-
dependent decay rates γ1(t) + γ2(t), which takes into account
the competing processes of the two decay channels associated
to γ1(t) and γ2(t), respectively. This is physically expected,
also on the basis of previous analysis of such a Λ-type system
in terms of non-Markovian quantum jumps [78].
Let us qualitatively discuss some particular conditions.
When both γ1(t) and γ2(t) are nonnegative, χ(t) ≤ 0 so that
the dynamics is Markovian: in this case, the rate of informa-
tion flow may change but the direction of the flow remains
constant, namely from the system to the environment. On the
other hand, it is known that, when the detunings ∆i are large
enough, the decay rates γi assume temporary negative values
which produce information backflows from the cavity to the
system [28, 78]: hence, memory effects occur (χ(t) > 0) when
γ1(t) + γ2(t) < 0 with an overall backflow of information. For
∆1 = ∆2 the decay rates are simultaneously negative in the
same time regions, while for ∆1 , ∆2 the decay rates can have
opposite signs [28]. In the latter situation, the cooperative ac-
tion of the two channels become relevant. When the channel
corresponding to the decay rate γi(t) (i = 1, 2) produces more
information flow from environment to system than the other
channel associated to γ j(t) ( j , i), then |γi(t)| > |γ j(t)|. This
means that γ j(t) < −γi(t) during the time intervals when γi(t)
is negative and γ j(t) is positive: it is thus sufficient that only
γi(t) is negative to assure non-Markovianity (χ(t) > 0). These
results are fully consistent with the previous findings obtained
by the BLP (trace distace-based) witness [28].
V. CONCLUSIONS
We have established a relation between the non-Markovian
dynamics of open quantum systems and the positive changing
rate of the Hilbert-Schmidt speed (HSS), which is a special
case of quantum statistical speed. The idea underlying this
definition is grounded on the fact that the speedup of quantum
evolutions is a signature of memory effects in the dynamics
of the system interacting with the surrounding environment.
By the introduced HSS-based witness, we have then defined a
quantitative measure of dynamical memory effects.
We have shown, in an extensive case study analysis,
that the proposed witness is as efficient as the well-known
trace distance-based (BLP) measure in detecting the non-
Markovianity. The models considered for our study encom-
pass many of the most paradigmatic open quantum systems
(single qubits, two qubits and single qutrits undergoing dis-
sipative and nondissipative dynamics), and provide evidence
for the sensitivity of our HSS-based witness. Besides its con-
ceptual interest, we remark that the HSS-based quantifier does
not require diagonalization of the reduced system density ma-
trix, with consequent practical advantages in the analysis. In
fact, a quantifier with this characteristic is particularly useful,
especially for assessing memory effects of high-dimensional
and multipartite open quantum systems.
The HSS is related to the Hilbert-Schmidt metric. However,
despite the non-contractivity of the Hilbert-Schmidt distance
for quantum systems of dimension d > 2, we have shown that
the HSS-based witness is a faithful non-Markovianity mea-
sure (satisfying contractivity) for all the systems studied, in-
cluding qutrits (d = 3). As a prospect, these results stimulate
the investigation for systems of higher dimension to assess the
extent of validity.
Our study supplies an alternative useful tool to detect non-
Markovianity based on the concept of quantum statistical
speed sensitive to system-environment information backflows.
It thus motivates further analyses on the role of memory ef-
fects in composite open quantum systems and their relation to
quantum speedup.
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Appendix A: Two-qubit evolved density matrix
Following the procedure described in Ref. [71] to con-
struct the reduced density matrix ρ(t) for the two-qubit sys-
tem discussed in Sec. IV B, one finds that the diagonal
and nondiagonal elements of ρ(t) in the computational basis
{|11〉, |10〉, |01〉, |00〉} are given by
ρ11(t) = ρ11(0)P(t)2,
ρ22(t) = ρ22(0)P(t) + ρ11(0)P(t)(1 − P(t)),
ρ33(t) = ρ33(0)P(t) + ρ11(0)P(t)(1 − P(t)),
ρ44(t) = 1 − [ρ11(t) + ρ22(t) + ρ33(t)], (A1)
and
ρ12(t) = ρ12(0)P(t)3/2, ρ13(t) = ρ13(0)P(t)3/2,
ρ14(t) = ρ12(0)P(t), ρ23(t) = ρ23(0)P(t),
ρ24(t) =
√
P(t)[ρ24(0) + ρ13(0)(1 − P(t))],
ρ34(t) =
√
P(t)[ρ34(0) + ρ12(0)(1 − P(t))], (A2)
with ρ ji(t) = ρ∗i j(t).
Appendix B: Solutions for Λ-type three-level system
This appendix presents the formal analytical solutions for
the Λ-type three-level systems [28, 78]. The weak-coupling
master equation for this model is written as follows
d
dt
ρ(t) = −iλ1(t)[|a〉〈a|, ρ(t)] − iλ2(t)[|a〉〈a|, ρ(t)]
+ γ1(t)
[
|b〉〈a|ρ(t)|a〉〈b| − 1
2
{ρ(t), |a〉〈a|}
]
+ γ2(t)
[
|c〉〈a|ρ(t)|a〉〈c| − 1
2
{ρ(t), |a〉〈a|}
]
, (B1)
where
λi(t) =
t∫
0
ds
∞∫
0
dsJ(ω)sin[(ω − ωi)s],
γi(t) =
t∫
0
ds
∞∫
0
dsJ(ω)cos[(ω − ωi)s]. (B2)
Introducing the short-hand notation
Di(t) =
∫ t
0
dsγi(s), Li(t) =
∫ t
0
dsλi(s), (B3)
one finds that the solution of the master equation is given by
[28, 78]
ρaa(t) = ρaa(0)e−[D1(t)+D2(t)],
ρbb(t) = ρaa(0)
∫ t
0
dsγ1(s)e−[D1(s)+D2(s)] + ρbb(0),
ρcc(t) = ρaa(0)
∫ t
0
dsγ2(s)e−[D1(s)+D2(s)] + ρcc(0), (B4)
ρab(t) = ρab(0)e−[D1(t)+D2(t)]/2e−i[L1(t)+L2(t)],
ρac(t) = ρac(0)e−[D1(t)+D2(t)]/2e−i[L1(t)+L2(t)],
ρbc(t) = ρbc(0).
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